The applicability of a linearized perturbed FLRW metric ansatz to the late, lumpy universe has been subject to debate. One question is: Does the appearance of the scale factor imply physical or artifactual cosmological effects on small scales? Considering the Newtonian limit in the pressureless, spatially flat case, we argue that neither is the case. Instead, locally, the metric scale factor can be understood as a pure gauge degree of freedom, undetermined by the Einstein equations. This restores consistency with the fact that in Newtonian cosmology the scale factor is similarly introduced as a coordinate choice. We illustrate this with a "top-hat Einstein-Straus" toy model possessing two physical expansion rates, either of which may serve as the scale factor: a collapsing core surrounded by a vacuum shell in turn embedded into an expanding universe. We recover the weak-field limit of the exact solution from the perturbed FLRW solutions for both choices of scale factor under explicit coordinate changes in all three regions. This also serves as a simple example where a single perturbed FLRW metric does apply simultaneously to a cosmological system and a small subsystem that has decoupled from the expansion. The standard scale factor emerges only on large scales in the Newtonian limit, which remains valid under mild assumptions.
Introduction
The late universe, a slice of which is visible to galaxy surveys on our past lightcone, is very clumpy. This is in stark contrast to the earlier universe: the observed fluctuations in the cosmic microwave background CMB are small [1] , allowing for a precise interpretation of their properties based on linearized, relativistic cosmological perturbation theory that is well established [2] . However, gravitational collapse has transformed the smooth state into one that cannot be evolved anymore by effective fluid equations [3] without removing short scales of comoving size of a couple of Mpc, and certainly not by linear equations.
The conceptually simple, but technically challenging, nonlinear Newtonian Vlasov-Poisson system [4] describes the gravitational amplification of dark matter structures including smaller scales. Newtonian N-body simulations have tackled the challenging prediction of the structures' morphology, solving this system by sampling its characteristic curves.
Experience shows that Newtonian theory is capturing the gravitational physics of finite astrophysical systems. We similarly expect Newtonian physics to approximate a local, weak-field situation with cold matter moving slowly enough [4, 5] . The Newtonian limit of general relativity (GR) should of course be studied more carefully directly in the context of large-scale structure in cosmology [4, 6] .
A detailed physical understanding of this process is not only interesting in its own right. For example, it is the foundation for obtaining the leading-order corrections to structure formation from covariantly formulated modified gravity theories, by using N-body simulations that have been modified accordingly. It is also interesting to connect back to GR the recent Newtonian discussion [5] of the backreaction proposal (see e.g. [8] ) in response to the simulations in [7] , since any significant differences of Newtonian and GR results must be related to assumptions made when taking the Newtonian limit. Furthermore, the Newtonian limit is the relevant approach for properly addressing cosmological effects on cosmologically very small systems, like the solar system (or even an atom [9, 10] ), both for GR [11, 12, 13, 14, 15] and modified gravity. Constraints on the time evolution of the Newton constant from lunar laser ranging [16] and therefore on modified gravity are already of the order of one percent within the age of the universe, and are becoming stronger with observation time with dramatic implications for some models [17, 18] .
In this paper, we are concerned with a leading-order treatment of nonlinear structures in late-time cosmology. This is complemented by recent works on a more general expansions of GR for a highly accurate description of our universe [19, 20, 21, 22, 23] .
We base the discussion on a convenient standard tool, which is the FLRW metric with scalar and vector perturbations [24] 
where Ψ, Φ and B are small in a way to be specified. The presence of the scale factor at an early stage of the theoretical description is intriguing. In contrast, in Newtonian cosmology, the starting point (before the continuum limit and without a cosmological constant) are simply the equations
for particles of equal mass m, that do not yet refer to a scale factor.
A scale factor can emerge in two familiar ways. The first situation concerns the dynamics of a homogeneous ball of dust in the continuum limit, of finite or infinite size, for which the time dependence of the radial positions of the shells is a common factor. The second situation is that of an inhomogeneous cosmos. Here the "background" or "average" scale factor is typically introduced by hand into the metric (1) or into the Newtonian equations (2) by adopting comoving spatial coordinates x with r = a(t)x.
It is usually imposed that in the second situation (and in particular in the metric (1)) the scale factor must be the one of a best-fitting background universe. Often, this background universe is assumed to be such that the density is the spatial average of the physical density. Since the Einstein equations are nonlinear, this may seem as a shortcut lacking rigorous justification. Furthermore, if the "correct" scale factor must be chosen in (1), corresponding to some average Hubble flow, the intuition may be that situations where matter locally moves with very different expansion rates (e.g. after turnaround) cannot be small perturbations as assumed in (1) . However, it has already been shown that Lemaître-Tolman-Bondi (LTB) solutions with locally different expansion rates of matter can be mapped to perturbed FLRW if the inhomogeneities are confined to subhorizon scale [25, 26] . This supports the validity of the ansatz (1) but clearly questions the physical relevance of the scale factor in the metric on small scales.
In the Newtonian approach to structure formation, the scale factor is a pure gauge by construction [5] . If Newtonian cosmology is describing the physics correctly at least on small scales, and if here the motion of matter has decoupled from the expansion described by any scale factor, the absence of a scale factor from the original Newtonian equations suggests that the scale factor in the FLRW metric should not acquire any physical meaning whenever the Newtonian limit is possible. In fact, on scales much smaller than the horizon and for weak gravitational fields, we can expect an expansion around Minkowski spacetime to work as well, and it has been shown how gluing together such patches in a bottom-up construction yields cosmological solutions of GR [27] .
We therefore studied when and how the scale factor can be seen as a gauge degree of freedom in GR. We found that on subhorizon scales and allowing for Ψ = Φ the scale factor in the metric (1) is arbitrary, whereas it emerges on large scales for a correct description of the geometry. We also worked out an explicit example: the simplest, most extreme (and therefore most interesting) spacetime describing a collapsing object within the expanding universe is arguably that of a top-hat profile -a homogeneous core surrounded by an empty shell -embedded into a matter-dominated universe.
On the one hand, we confirmed for the standard gauge choice of the cosmic scale factor that the perturbed FLRW metric is able to describe this situation and thus can simultaneously accommodate structures with very different expansion rates. Conversely, we confirmed the gauge freedom of a(t) we found from the Einstein equations by repeating the analysis of the top-hat example using the perturbed FLRW metric with another choice of scale factor. Together, these findings clarify the applicability of the perturbed FLRW metric.
The paper is structured as follows. Part 2 reviews the Newtonian limit for late-time cosmology and derives the starting point of Newtonian cosmology from GR in the general setting of arbitrary scale factor. Part 3 then introduces the top-hat spacetime in detail in section 3.1, tests the FLRW metric in the standard case in section 3.2, and subsequently confirms the result of part 2, for Ψ = Φ with a nonstandard choice of scale factor in section 3.3. Before we conclude in section 5
we discuss some fine points about the relevance of the scale factor on large scales, the meaning of cosmic expansion for local systems and the Newtonian limit including the transition from covariance to inertial frames and the assumptions that have been made in section 4.
Newtonian limit
We start from GR with cosmological constant Λ, flat spatial slices and the metric (1)
without spherical symmetry, but neglecting tensor perturbations. The source on the right hand side of the Einstein equations,
is a collection of masses that are allowed to stream-cross. For simplicity, we neglect pressure. Then, matter motion is geodesic. We avoid both a fluid assumption and averaging. For completeness, in the continuum limit an explicit expression for the energy-momentum tensor is given by T µν (x α ) = dp 1 dp 2 dp
where the integral is over the future-pointing part of the mass shell p µ p ν g µν = −m 2 making p 0 and p 0 functions of the integration variables p i , the square brackets enclose an invariant measure on this space, and f is a scalar distribution function on one-particle phase space (the mass shell within the tangent bundle) which we do not need to specify further here [28] .
Weak-field, slow-motion expansion scheme
We can develop an expansion scheme based on a nonrelativistic velocity v 1 and anticipating that the potentials Ψ and Φ, in this section collectively denoted as φ, behave similarly to Newtonian potentials and obey a Poisson equation sourced dominantly by the matter density fluctuations corresponding to the observed morphology. For simplicity and because we are considering the late universe we shall set a ≈ 1 in the following explanation; comoving spatial coordinates x can be thought of as physical.
First, we make a weak-field assumption, neglecting neutron stars and black holes, and assume that the potentials are small of order v 2 1. Here v plays the role of an escape velocity of a particle in the potential. It is numerically of order v ∼ 10 −2 . In the following, we will drop relative corrections of order v 2 or higher, so e.g. O(v 4 ) from the potentials.
Second, spatial derivatives are large in the following sense. The linearity of the Poisson equation allows to decompose its solution into parts sourced by parts of the the hierarchy of structures of various sizes L i and locations x i . Picking a part φ i of the solution that dominantly contributes at some point x, let us first assume
where f i is well approximated by a low-order Laurent polynomial in the modulus of its argument z ∼ 1 (or smaller) which ensures that |df i (z)/dz| ∼ |f i |/z ∼ |f i | (or larger). Indeed, typical forms of f i (z) are ∝ 1/z outside of an overdensity or ∝ z 2 in a region of homogeneous density (as below). By the chain rule, |∇φ i | ∼ φ i /L i . For each relevant term, its size L i naively is at most roughly the distance particles can have traveled in a Hubble time H −1 0 . The largest voids will then have a size of roughly L i ∼ v/H 0 , but typical sizes of halos, sheets and filaments (or even the solar system) can be much smaller. This, a spatial derivative with respect to any component of x increases the value of φ by a factor of at least L
Therefore, ∇ 2 φ ∼ H 2 0 or larger; indeed we were anticipating ∇ 2 φ to be of order G N ρ G N ρ b ∼ H 2 0 when saying the potentials are similar to the Newtonian one. If |x − x i | ∼ L i does not hold for some large perturbation, which may contribute significantly even at a greater distance, we again assume that the size of voids is bounded from above and, further, that the largest ones are abundant enough that at least one is in the vicinity of every point. Then (6) still approximately holds.
Third, compared to spatial derivatives, time derivatives are suppressed in all cases by a factor of v 1 if the potentials are changing due to the change of matter moving with such speed, leading to a quasi-static approximation. For simplicity we keep "cosmological" terms like We assume further that the vector perturbation B is of order O(v 3 ) and behaves similarly to the potentials under derivatives. For further discussion of the scheme and the literature it is more practical to see the equations first.
Field equations
In the field equations in this section, we drop relative corrections of order O(v 2 ). Given the expansion scheme, we obtain a Poisson equation
from the time-time-component, validating the assumptions we have been making on Φ in the previous subsection for developing the expansion scheme. Further we get
with the first set of equations coming from the spatial off-diagonal Einstein equations and the rest from combining the spatial diagonal equations. The energy-momentum tensor can be neglected here if it is of order ρv 2 which would only give ∼ v 4 corrections for the potentials after integrating the Poisson equation.
This requires that either the coordinates are approximately adapted to the Hubble flow that emerged from the homogeneous history of the universe so that
where the components of v are v i = T 0i /T 00 and where the average is over a statistical ensemble at any location, or we are in the subhorizon regime where any Hubble flow itself is small,
Note that in the second case, O(H 0 ) departures of H a are allowed.
These equations determine the potentials. We check consistency with the space-time components below. The solution of (9) is
Then (10) implies
and thus (11) becomes
1 It should be noted at this point that seemingly circular reasoning like this is not problematic when solving differential equations as long as the final solution is self-consistent and satisfies all required boundary conditions under some assumptions ensuring uniqueness of the solution. (We also assume that an exact solution is obtainable continuously from minute deformations of the approximate result.) Instead of circular reasoning, this approach may be seen as an educated guess of a solution. There are however subtleties: besides not discussing tensor perturbations here, boundary conditions, required for uniqueness, will be addressed below. For now, we are still in the process of checking self-consistency. which we can solve for α(t) so that (14) is with (15)
where γ(t) = 3 1 γ i (t) and where we have dropped a linear part β(t) · x as discussed in section 4.3. We also set γ(t) = 0. For either
or in the subhorizon regime (13) , this difference of the two potentials is much smaller than unity.
Reiterating on the comment around equation (7) above, on very small and fast scales, the last result should be interpreted as Ψ − Φ ∼ 0 (to lowest order) because the actual difference may be dominated by space-dependent post-Newtonian terms instead of the cosmological term ∝ α(t)r 2 of (17). These new terms arise from solving equations to next order containing now both terms likeφ in (11) as well as quadratic terms like φ∂ 2 φ in (9), which are of similar size and form the most relevant corrections to Ψ − Φ. On these scales the cosmological dynamics (16) expressed in α(t) are simply negligible with respect to these corrections that we have not computed. However, the uncorrected leading-order statement is captured by the equations as written, e.g. in the case of equation (11), Ψ = Φ, with negligible corrections on very small scales, remains a valid approximation. The influence of the higher-order corrections to the potential on the motion of matter remains sub-leading. (For our solar system, we know how small the post-Newtonian corrections are.)
On the other hand, studying the full linearized Einstein equations including terms likeφ in (11) while setting Ψ = Φ, which removes spatial derivatives from (11) (and which is obtained from excluding terms like φ∂ 2 φ and gauging α(t) = 0) leads to unphysical results for large density contrasts [29] and is incorrect given the physical setup becausë φ ∼ φ∂ 2 φ. Blind application of the standard cosmological perturbation theory treatment developed for small density contrasts, when a perturbative expansion in powers of the potential is well-behaved, does break down for large scale structure. This does not imply that proper leading-order physics cannot be obtained from a linearized treatment like ours. Instead of being forced to include quadratic terms or higher, the easier solution is to drop certain linear terms by changing to an expansion scheme that tracks powers of v in which these terms are of smaller order.
The expansion scheme discussed here can also effectively be obtained in Fourier space of linear perturbation theory in a subhorizon limit, which we see a posteriori. By taking the leading terms when k → ∞ and before any manipulations that use δ 1 (and by selecting a Newtonian source) the expansion discussed here is recovered, but only for the special gauge of α(t) = 0. In the Fourier space approach polynomial growth in real space is missed. Further, one is forced to introduce background equations to define sources of vanishing volume average to be able to divide by k 2 .
Friedmann equations as a gauge choice
Comparing (17) and (16) it is immediate that the standard choice Ψ = Φ implies α(t) = 0 (and γ(t) = 0). On small scales, this is a gauge choice. Vanishing α(t) in (16) together with (8) means that a(t) satisfies both standard Friedmann equations for pressureless matter 3H
if Φ = 0 and T 00 = ρ b is the background density, e.g. on average. However, α(t) = 0 in (16) alone already implies the sum of the two previous equations (19) and (20) 
without invoking an averaging argument in the pressureless case considered here. The substitution a(t) = h 2/3 (t) reduces this to an inverted harmonic oscillator equation for h. The solutions admitting a big bang (with a negative sign in front of the decaying exponential) are then
where the integration constants A, s can be fixed to have a(t 0 ) = 1 and H a (t 0 ) = H 0 as
which is already equivalent to the solution of the Friedmann equation (19) for pressureless matter ρ b ∼ a −3 . Of course, this scaling of ρ b is conversely recovered from the solution (22) together with (19) (which was obtained from (8) on average).
From (17) , any other gauge choice implies the set-in of a quadratic divergence for the difference of the two potentials, and therefore for at least one them in the metric. The Friedmann gauge choice is thus relevant when constructing a global perturbed FLRW solution, to be discussed below in section 4.1.
If we are interested in a patch of the universe of size much smaller than the Hubble scale, a growth of the potentials ∼ H 2 0 r 2 is of no concern. In this case a(t) is allowed to depart from the Friedmann solution by O(1). Instead of satisfying (21), a(t) may satisfy (16) for α(t) = 0 chosen with α(t) ∼ H 2 0 . This preserves the condition for small peculiar velocities on subhorizon scales (13) . The scale factor is therefore directly related to an arbitrary gauge freedom in the subhorizon limit.
As discussed above, Ψ−Φ also contains small nonlinear terms and time derivatives of the potentials, which dominate the quadratic difference on sufficiently small scales, so the connection of Ψ = Φ and Friedmannian scale factor evolution eventually breaks down on these non-cosmological scales. This is expected, because the choice of scale factor should become completely irrelevant on these local scales. In particular it may still be chosen to obey a gauge like (22) for a treatment unified with larger scales. One should of course include pressure to treat the dynamics on these scales.
Motion of matter
We now show that we indeed obtain the proper Newtonian limit independent of the choice of scale factor.
First, the remaining time-space component of the field equations gives
Note that without a vector perturbation B of the metric, the current T 0i would have to be longitudinal, which is not compatible with cosmological dynamics: neglecting the vorticity (small before stream crossing [30] ), ∇ × (ρv) ≈ (∇ρ) × v and there is no reason for density (not potential!) gradient and velocity to be aligned. We may choose the vector potential of the transverse part of 16πG N a 2 T 0i at every instant to be transverse itself, and can set B to be the vector potential of this quantity. Thus,
, and we have absorbed the transverse part of T 0i . B may be chosen transverse as well (like in the Poisson gauge [24] ). Then the double-curl of B equals the vector Laplacian of B.
2 Since the Laplacian converts the other potentials from O(v 2 ) to ∼ ρ, when we assume the same type of spatial variation for B it is indeed smaller of order O(v 3 ) such that we have ∇ 2 B ∼ T 0i ∼ ρv. Subtracting the transverse part, we are left with
where the source can be assumed to be longitudinal. We therefore do not lose information when taking the divergence. We get with (17)
Using the Poisson equation (8) we can replace
, and it can be directly verified that many terms cancel to give the equation
, that is, up to relative corrections of O(v 2 ) which we must drop,
where we have raised indices while the metric is still approximately diagonal. Going to physical spatial coordinates with r i = ax i and t unchanged does not change T 00 , but T 0i → −H a x i T 00 + T 0i /a (using the same name for the tensor components in the new coordinates). Since ∂ i → a∂ i this gives simply the Newtonian continuity equation
To obtain a leading-order equation of motion for the matter it is easiest to expand the geodesic equation directly to required order. With the four-velocity u µ = dx µ /dτ it can be written without Christoffel symbols as
We are back in the comoving coordinates with scale factor a.
The left hand side of (30) with σ = i can be expressed with the physical coordinates r = ax as
The right hand side is (1 + O(v 2 ))∇g 00 /2 ≈ −∇Ψ → −a∇Ψ where the last gradient is with respect to r. This means that in physical coordinates
We can compare this to the standard Newtonian case involving the gradient of a potential sourced by the total matter content as
Comparison of the two Poisson equations (32) and (8) (absorbing the a 2 in the latter into the new Laplacian with respect to physical coordinates and assuming adapted boundary conditions) gives Φ = φ N + (Λ − 3H 
We stress that the result is that for Λ = 0 there is no cosmic force on small scales at all, consistent with the starting point of Newtonian cosmology.
Embedded top-hat collapse
To test the gauge freedom of the scale factor and the applicability of the perturbed FLRW metric in situations of strong inhomogeneity, we consider a spherically symmetric example with Λ = 0 for simplicity. For radial motion, T 0i is irrotational and we can set B = 0 in the following. In particular, we consider the collapse of a pressureless dust top-hat (core region), leaving behind a vacuum shell, embedded into the matter cosmos.
To understand our example it is useful to be aware of the Einstein-Straus solution [32, 33, 14] . It serves as an even simpler toy model of a collapsed structure in the expanding universe and can be thought of as the end result of a spherical collapse in the following sense: it represents what is obtained from a matter-dominated universe by compressing the dust contained within a ball of arbitrary size into a black hole. The dust outside of the vacuum bubble created in this way continues its usual expansion not only in Newtonian gravity but also, exactly, in GR. The vacuum bubble is therefore bounded by a shell of fixed comoving radial coordinate and expanding in physical coordinates (for standard comoving coordinates adjusted to the initial Hubble flow). An observer entering the bubble from the outside trying to remain at fixed comoving or physical coordinates needs to compensate a gravitational pull towards the center that is increasing with decreasing distance to the black hole (starting at zero for the comoving case) and ultimately diverging at the Schwarzschild horizon, but the crossover into the bubble is smooth. An explicit solution in a single coordinate system is rather unwieldy in terms of formulas [34, 35, 36] , considerably more so than the solution McVittie found by direct integration of the Einstein equations [37, 38] with a similar goal of describing a point mass embedded in an expanding universe, but the physical picture is simpler for the Einstein-Straus solution.
Instead of imposing a central black hole, we will be concerned with the previous weak-field stage of the collapse, for which the black hole is smoothed to a collapsing top-hat core similar to the Oppenheimer-Snyder model [39] . The Oppenheimer-Snyder model is in some sense the most extreme yet simple case of collapse. The exact solution of a top-hat undergoing turnaround and collapse is a portion of the closed FLRW spacetime [40] 3 . The combined Einstein-Straus-Oppenheimer-Snyder collapse has been discussed by other authors within GR [41, 42] . The density profile and its evolution is schematically illustrated in Figure 1 . We wish to model this spacetime in the perturbed FLRW gauge, which will give a continuously differentiable but approximate solution by construction in a single coordinate system. Our strategy is to assess the quality of the approximation by comparing the result to the exact (closed FLRW, Schwarzschild, flat FLRW) solutions separately for each of the three regions by finding appropriate coordinate transformations. This compliments the more complicated and ϱ(r) r (t) = c(t) r 0 * r(t) = b(t) r 0 r 0 Figure 1 : An example initial density profile is shown (grey) with a top-hat created by compressing the matter in a homogeneous universe within a spherical region. After some expansion (dotted), the top-hat turns around and collapses whereas the outer universe continues to expand (black). The boundary of the top-hat is denoted as r * (t) and the outer boundary of the vacuum region as r(t). Their time evolution is parametrized by two scale factors c(t) and b(t), respectively. less explicit result in [25] , which studies the validity of the perturbed FLRW solution by comparison to the exact LTB class of solutions, with the explicit top-hat collapse case that intuitively is the most challenging one for the perturbed FLRW metric. 4 
Newtonian top-hat collapse
We first use a physical radial coordinate r in which Newtonian theory holds in the usual way to describe some aspects of the collapse. Subsequently, we will work with two alternative choices of comoving coordinates. 5 While it would be possible to stay entirely within the respective comoving coordinates for the calculations, this would double part of our work.
In physical coordinates, we can use Newtonian gravity according to section (2.4). We let the initial radius of the ball be r 0 , so the conserved mass in the top-hat is
where ρ b,0 is the initial cosmic background density. 6 The expansion of the boundary of the ball can be parametrized as r(t) = b(t)r 0 with b(t 0 ) = 1. Then b(t) obeys
4 A reader familiar with the LTB solutions may think that the embedded top-hat collapse should be a special case. Indeed, LTB solutions exactly describe more general inhomogeneous dust distributions with spherical symmetry. However, a single LTB metric is not able to cover the spacetime considered with one set of coordinates. The gauge (gtt = −1, diagonal) is too constraining for each region so that one inherits the discontinuities from the discontinuous source. 5 To be clear, the word "comoving" here refers only to the use of FLRW coordinates with some scale factor of the metric (1) factored out from the physical spatial coordinates. Comoving coordinates in this sense do not guarantee vanishing or small peculiar velocities, because the scale factor may not be related to the physical motion of matter. 6 Conservation of mass is implied by the continuity equation (29) . The flat-space expression for the volume of the ball follows only to leading order. Metric perturbations and perturbations of T00 and of the time coordinate that would change the spatial slicing due to coordinate transformations relevant in the present work can be neglected at the required order, because the mass only enters into small terms that are themselves perturbative. which follows from setting the conserved total energy 7 for the shell to zero so thatṙ 2 (t)/2 = E kin = −E pot = G N M/r(t), assuming shells do not cross so that M = M (r 0 ) ∼ r 3 0 is constant in time. No crossing is ensured if the shells further out at r 0 > r 0 expand with the same law r (t) = b(t)r 0 , or equivalently, if their total energy is also vanishing, which we assume as an initial condition. 8 Equation (37) is equivalent to the Friedmann equation for the flat matter-dominated Einstein -de Sitter (EdS) universe with a Hubble parameter H 0 ≡ H b (t 0 ) at the initial time 9 obeying
so that
that is, to (19) with vanishing cosmological constant, and therefore to (21) , under the renaming b(t) → a(t). However, these equations a priori do not describe the same thing, since b(t) is related to the physical motion of matter shells in the outer region whereas a(t) is the particular metric scale factor choice for which the potentials do not diverge. However, if horizon scales are to be considered, we saw around equation (12) that the Hubble flow must be aligned to the coordinates to ensure small peculiar velocities, so the equations for a(t) and b(t) must approximately coincide. That is why we have chosen vanishing total shell energy at large distances here. Otherwise, there would be an additional term K/b 2 in (39), corresponding to a spatial curvature term in a Friedmann equation, which would only be consistent with a non-flat metric ansatz at large scales.
Locally, however, the Newtonian theory coming from the flat perturbed FLRW metric does allow for the set-up of the initial state corresponding to other value of the shell energies. In particular, we assume that the top-hat is much smaller than the Horizon size. The top-hat collapse evolution is independent of the dynamics outside and can be parametrized by another homogeneous scale factor c(t) with r * (t) = c(t)r 0 where r * (t) is the radial position of the out-most shell at time t. Choosing a negative total energy E for all top-hat shells we easily find
where K = 2E/r 2 0 < 0 by choice. Here the definition of H 0 is unchanged from before in terms of the mass M ; H 0 is not necessarily to be understood as the value of H c at t 0 (but still of H b , as before). The actual value of H c (t 0 ) depends on K and c(t 0 ). We could, for example, choose H c (t 0 ) = H 0 by setting c(t 0 ) < 1 appropriately for a given K, corresponding to an initial state of a compressed top-hat that velocity-wise is initially aligned with the previous Hubble flow. At later times, the motion of the matter described by c(t) does not correspond to the (parabolic) expansion law b(t) ∝ t 2/3 of the matter outside. Indeed, eventually c(t) will be a decreasing function with H c < 0. We are not going to need the well-known exact (cycloidal) solutions to this Friedmann equation.
We now first explore the natural choice a(t) = b(t) and then the choice a(t) = c(t) for the metric scale factor. The latter choice can be valid if not only the top-hat but the whole patch considered are small compared to the Hubble distance H −1 a according to the discussion after equation (12).
Cosmological scale factor
First, we make the standard choice Ψ = Φ ≡ φ so that the metric scale factor is (22) in the Λ → 0 limit, which gives the EdS solution. That is, we chose a(t) = b(t). The metric (1) becomes
where x = b −1 (t)r is the comoving radius, 7 The energy conservation employed here is the first integral of the Newtonian form of the geodesics (35). 8 One may also check that the continuity equation preserves homogeneity of the density under the linear radial velocity profiles that the law r(t) = b(t)r0 implies at an initial time, which in turn are preserved by the gravitational force of a homogeneous ball. Of course, this is instable: gravitation amplifies small inhomogeneities. A real top-hat disintegrates into shocks; the present model is a smoothed idealization. 9 Note that t0 may be chosen to be e.g. in the past and therefore H0 may not mean the Hubble parameter today.
satisfies the Friedmann equation (39) and the Poisson equation (8) reads
We can solve this Poisson equation ensuring continuity of φ and ∂ x φ at the two boundaries starting from the inside, obtaining
where x * (t) = b(t) −1 r * (t) is the comoving position of the boundary of the top-hat and and x 0 = r 0 is the comoving position of the transition from vacuum to cosmological density, and φ has been shifted to zero outside.
External region x ≥ x 0
Since φ = 0, the metric (41) is the FLRW metric for the EdS cosmos.
Vacuum region x * (t) < x < x 0
We first transform (41) to the areal radius r = (1 − φ)bx (to be distinguished from the function r(t) = b(t)r 0 ), which yields, to first order in φ,
where the time derivative ,t in (48) is at constant x and where afterwards x should be eliminated in terms of r. This follows immediately from writing dr = Adt + bBdx ⇔ (bdx)
In the following we keep H In general, one cannot drop terms of order v 3 (like B itself) from the vector mode; however, only the transverse part of any vector mode enters in the continuity equation (25) . We can therefore definitely ignore radial r − t off-diagonal terms of order v 3 in the metric, corresponding to a longitudinal mode.
From the potential (45), A ≈ H b r. Also, B ≈ 1 + 3H 2 b (r 2 − r 2 (t))/4. This leads to
Our task is to remove the off-diagonal part by a transformation to a new time coordinate
since the radial coordinate is the areal radius already, just like in Schwarzschild coordinates. Let J denote the Jacobian of the new coordinates as a function of the old ones; the metric transforms as g → (J −1 ) t gJ −1 . Writing only the nontrivial (t, r) part, we have
and find
,r g tt − 2f ,r f ,t g rt + f 2 ,t g rr (53) and can read off that for
the metric transforms as
The condition (54) is a first-order linear PDE (that can be reduced to a nonlinear ODE by the method of characteristics). It may be noted that evidently it is not necessary to solve the PDE to get the new g rr , which does not depend on f in (55).
In the present case, any diagonalizing transformation adds −g 2 rt /g tt ≈ g 2 rt = H 2 r 2 to g rr which therefore becomes 1 + 2M/r. If the t t -element was −(1 − 2M/r), the metric would clearly be the weak-field limit of the Schwarzschild solution. All that is required for this is that
where δg tt are the terms we want to remove, for then
On the other hand, the PDE is, to sufficient order and assuming f ,t = O(H 2 r 2 ) (smallest possible transformation), simply f ,r ≈ g rt /g tt ≈ −g rt = Hr so that f = Hr 2 /2 + h(t). Given that H = 2/(3t) and the form of b(t) we see that there indeed exists a solution f = t + Hr 2 /2 + 3(H 0 x 0 ) 2 /(2Hb) with the required f ,t .
In summary, the coordinate transformation
puts the perturbed FLRW metric (41) in the vacuum region (45) into the weak-field approximation of the Schwarzschild solution. Note in particular that the metric is now static.
Interior region x ≤ x * (t)
We can play a similar game for the interior region. We first introduce a spatial coordinate
Here = (x, t) is assumed to be of the same order as φ. When vanishes, this is a straightforward coordinate change designed taking g θθ from
The role of is to compensate the effect of a given further time transformation to a new time t , such that instead
for a given choice of the functionc. Thus,
Again writing dx = Adt + bBdx, we have now that
where we have anticipated that the rate of change˙ / = O(H 0 ) to neglect terms.
Using the Friedmann equation for c, (40), the expression for φ in the interior region (44) can be written as
With the definitions (61) the metric (41) becomes, under the transformation (59),
(64) Again, for integrating (54) (with x playing the role of r), the procedure reduces to integrating −g x t in x , to give
(65) For g t t ≈ −1 we would like again that (56) is satisfied, with δg tt now defined as all terms perturbing −1 in g tt , which reads
It can be shown, using the two Friedmann equations for b (39) and c (40) to eliminate time derivatives, that this is indeed consistent with (65) when we pick
The metric is now diagonal and g tt = −1. We are ready to read off an after Taylor-expanding the left-hand side of (60) around t , defining δt = t − t, c 2 (t)(1 + 2 )
This means that
68) would imply thatc(t ) = c(t = t ) from (60). This is a convenient choice, for it means thatc has been chosen to satisfy the same Friedmann equation (with the time derivative with respect to the new time variable t !) for the closed universe we have found earlier for c, because it is the same function of its argument as is c of its argument, so this is the natural choice we adopt.
Finally, we compute g x x , which picks up an additional +g 2 x t compared to (64) under the diagonalizing time transformation. Thus,
This simplifies straightforwardly to g x x = c 2 (t )(1 − Kx 2 ) for the choice of we have made. With the identification k = −K > 0 the metric is now
for 0 < kx 2 1, which was already assumed. This is the metric of the closed universe as well as the exact solution of the collapsing top hat.
In summary, the transformation
puts the interior region of the perturbed FLRW metric above into the weak-field closed FLRW form (69) describing a collapsing top-hat dust profile.
Collapsing scale factor
We now choose a(t) = c(t) as the metric scale factor, that is, coordinates that are collapsing with the top-hat. The metric ansatz (1) is then
where x = c −1 (t)r is the comoving radius, c(t) satisfies the Friedmann equation (40) and the Poisson equation (8) 
reads
puts the exterior region of the perturbed FLRW metric (74) with collapsing scale-factor into the EdS metric with its standard scale factor
It has to be noted that unlike before for the exterior region, this was shown only on subhorizon scales, because we have assumed smallness of the potentials which clearly both grow quadratically for this choice of scale factor. As discussed, on larger scales, the choice of a scale factor that leads to large peculiar velocities is not expected to be successful in the Newtonian limit.
Vacuum region
The transformation to the Schwarzschild line element presents no difficulties following the previous discussion in section (3.2.2). We find
to put the perturbed FLRW metric (41) in the vacuum region into the weak-field approximation of the Schwarzschild solution.
Interior region x ≤ r 0
The transformation is a simple special case of the general transformation from the flat FLRW metric to the curved collapsing FLRW metric (70)-(73) for unchanging scale factor, so for b → c; non-negligible off-diagonal terms are not created and = H c δt is not spatially dependent. We take
This case would have been even simpler, namely not requiring a time transformation δt = 0 = , had we shifted the potentials by a (time-dependent) constant setting Ψ = 0 in the inside. A similar trick was used zeroing φ in the expanding scale factor case a(t) = b(t), exploited in section (3.2.1). Here we have illustrated that a non-zero constant related to γ(t) in (17) can be removed.
Discussion
The coordinate transformations derived in the previous section validate the perturbed FLRW description for the embedded top-hat example for different gauge choices of the scale factor. Here we address some subtle points of the general Newtonian limit: the validity on large scales in section 4.1, the Newtonian picture of structure formation in section 4.2 and the relation of the linear part of the gauge freedom Ψ − Φ in (15) to the Newtonian cosmology developed by Heckmann and Schücking [43, 44] in the remaining two sections.
Emergence of Friedmann scale factor
On scales comparable with or larger than the Hubble scale, we have seen that the Newtonian limit can work only under a list of assumptions.
First, we need Ψ Φ and α(t) 0, so we may demand simply α(t) = 0 with the corresponding Friedmann solution (22) for a(t). Otherwise, if H a departs by O(H 0 ) from the Friedmann evolution, the difference of the potentials, and therefore at least one of them, approaches O(1) at the Hubble scale, contradicting the assumption of small potentials used to derive the Newtonian field equations in section 2.
Second, in section 2 we have also requested that the physical Hubble flow is described by a(t) on large scales so that peculiar velocities can remain small far away from the coordinate center.
These two conditions are compatible, because the Friedmann equation for a(t) from the Einstein equations for Ψ = Φ and the Friedmann equation for the matter background that can be derived from the geodesic equation (35) (done in section 3.1 for the special case of vanishing cosmological constant) are in fact equivalent.
Finally, another quadratic divergence that would spoil the Newtonian limit would arise when solving the Poisson equation (8) if the source did not average to something small on large scales. However, if we assume that at early times, when the universe was very homogeneous, it does average to something small, it already follows from the previous assumptions that it is the case at all times: since matter moves on average with the Hubble flow described by a(t), the continuity equation for matter then implies that T 00 thins out as a −3 , which is in fact proportional to the other source terms 3H 3 a − Λ in (8) . This can be checked explicitly from the solution (22) for a(t) obtained from Ψ = Φ. One is of course free to introduce another scale factor and coordinate system when solving the Newtonian equations after they have been obtained as described, as discussed in [5] . However, only the Friedmann scale factor a(t) will be valid in the expression for the metric to describe the geometry of the spacetime. In this sense the a(t) given by (22) is emerging on large scales as a quantity that is useful for the description of the geometry.
Cosmic expansion force acting on local systems?
Many workers have investigated the influence of the global cosmology on the local dynamics. The classic results of Einstein and Straus [32, 33] are in accordance with the more general result (35) reported here that there is no local effect in a matter-dominated universe that cannot be explained in a simple manner by Newtonian gravity. In particular, Newton's laws do not have to be "corrected" for the "expansion of space".
The cosmological constant does have an effect, investigated for example in [15] . More generally, any modification of the background evolution, be it homogeneous dark energy or infrared-modified gravity, replaces the cosmological constant by a term that is time dependent in general. This term can simply be understood as the Newtonian "weight" of the dark energy component seen as a perfect fluid, when taking as given that pressure gravitates as predicted by GR. Note that N-body simulations are sensitive to modification of the background evolution because of this mechanism.
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All of this certainly has been known to some cosmologists for a long time (an early qualitative discussion is [11] ), has been employed in studies of dynamics, e.g. in [45, 46] , and forms the starting point of the success of Newtonian cosmology. An insightful discussion of the problem can be found in [47] , where the Newtonian shear effects are also investigated.
However, recent studies have sometimes come to more diffuse conclusions. These are often based on modeling the problem using exact solutions that contain a homogeneous component, like unperturbed FLRW for the the homogeneous universe [13, 9, 10] , exact solutions describing a mass embedded into a universe with homogeneous density component like McVittie's 12 [14, 38] , or others [12] , or they discuss several such models [48] . On the other hand, the LTB solution does not contain a separate homogeneous component, and results directly agree with ours [49] .
The homogeneous background components in the universe, more precisely a ball of cosmic fluids centered in the origin and extending up to a particle's position, causes a force with magnitude proportional toär/a according to Newton's gravity, where a is the scale factor of the background cosmology obeying the Friedmann equations. (Indeed this is a valid way to derive the Friedmann equations [24, 50] .) The authors often report this force, but do not seem to appreciate that it can be understood in a simple Newtonian way. This is problematic for the more realistic inhomogeneous setting. One must be aware of the local distribution of sources. For example, for vanishing cosmological constant, there is no cosmic force in the solar system if and only if there is no dark matter in the solar system, and conversely a force due to dark matter can be orders of magnitude larger thanär/a if the dark matter concentration is similarly higher. Regarding the cosmic effects on atoms, the importance of the nature of dark matter is then obvious.
In our view, it would be a particularly unnatural interpretation to attribute the effect instead to a long-range nonNewtonian force exerted from the "expansion of space", which does not make sense in the Newtonian picture. Therefore there is no need to argue against the validity of the physical picture given by the Einstein-Straus situation, even if it is not a realistic model neglecting the hierarchy of structures and demanding an exceedingly large vacuum bubble to compensate e.g. our sun [14] .
Newtonian inertial frames in cosmology
In an unperturbed ΛCDM universe, the symmetry of homogeneity is incompatible with the Newtonian postulate of the existence of one particular class of inertial frames related by Galilean transformations. Two matter particles at two different locations feel a relative force and cannot both be at rest in, and define the origin of, an inertial frame of the same class. Clearly, there is no concept of a unique, global "absolute space" for an infinite self-gravitating system. Even for a finite, expanding sphere there is no preferred inertial frame if observers at different locations are taken to be equivalently meaningful and ignorant of the boundary [51] .
Newtonian cosmological theory can do without absolute space. Conceptually, one wants to adopt the local freely falling inertial frames familiar from GR. Mathematically, the breaking of the symmetry of homogeneity at the level of the specification of the theory can be avoided and postponed to the choice of integration constants at the level of solution. This has been achieved in [44] by completing the Newtonian Poisson equation with the following boundary conditions at infinity
where ρ(t) is the limit of the density at spatial infinity, assumed to exist, and A ij (t) is a symmetric traceless matrix function that selects between various Newtonian cosmological models. The solution φ N is then unique up to the addition of planes
The linear term causes an additional time-dependent acceleration. This can be used to adapt the coordinates from one freely falling observer to another. More generally, any kind of global acceleration can be achieved. However, even such a term is fundamentally unobservable in the present setting [43] because all of the material content of the universe including any lab equipment is affected by it in the same way. It amounts to describing the same physics from an accelerated frame.
In this paper, we are faced with the general-relativistic emergence of the situation captured by this modification of Newtonian theory. On the one hand, for the starting point of the (unperturbed) FLRW metric, the transformation from one free-fall observer to another is a trivial translation generated by the obvious spatial Killing vectors. All comoving observers are geodesic and therefore simultaneously unaccelerated from a GR point of view. On the other hand, the Newtonian limit involves the transition to expanding physical coordinates which necessarily singles out the coordinate origin, seemingly breaking the symmetry. But the theory of GR and the FLRW ansatz on small scales with free perturbations naturally do not "know" that our goal is to find Newton's familiar equations written out in any inertial frame at all and certainly do not choose the origin for us.
And indeed, GR manages to preserve the symmetry of homogeneity due to gauge freedom. 13 The function β(t) is a degree of freedom arising when integrating Einstein's equations that adds a linear term β(t) · x to Ψ (and −2β(t) · x to g 00 ) according to (14) . Again, in general, for β(t) = 0, the negative gradient generates a global acceleration −β(t) on a particle, as can be easily seen from the geodesic equation in the form of (31) . In this case, one may boost to that proper frame which, as seen from the original one, undergoes the same acceleration. In Minkowski space, so on sufficiently small scales, such a boost precisely removes the linear term from g 00 [52] , replacing it by the square (β(t) · x)
2 . The effect of this remaining term in the geodesic equation must be neglected at leading order if we assume the acceleration happens on cosmic time scales |β| ∼ H 0 v. While a detailed calculation of the boost for the perturbed FLRW metric on all scales goes beyond the scope of this discussion, we may conclude that the choice of β(t) can be used on small scales and after taking the Newtonian limit to transform from one class of inertial frame to another, and in general it allows for the description of the same physics from an accelerated frame. Therefore, setting β(t) = 0 (together with the assumptions in the next section) has the interpretation of selecting one of all the mutually accelerated classes of inertial frames compatible with homogeneity as our coordinate system. It is worth pointing out a difference between the Newtonian and GR cosmology. Unlike in the Heckmann-Schücking Newtonian cosmology [44] , the homogeneity of the Newtonian cosmology obtained here from GR does not rely on the engineered boundary conditions (87), but emerges naturally from the local field equations.
Boundary conditions and backreaction
To obtain a well-posed Dirichlet problem from the Poisson equation (8) or its Newtonian analogue (32) , one can define the boundary of the finite-sized patch of the universe under consideration and prescribe the potential on it. In practice, we can ignore Newtonian gravitational effects from outside the patch and continue the source with zero there.
14 Then we can specify a Green's function that, convolved with the source, yields a unique solution. We would normally like this Green's function to be
because further homogeneous solutions of the Poisson equation, which any different Green's function effectively adds, are either linear and have been fixed already in the previous section or nonlinear with nontrivial gradients.
In the complete theory of GR such a choice is not required; providing initial data is enough. 15 In the Newtonian approach this fixing is not possible from first principles. We can however constrain the possible effects from adding an arbitrary nonlinear homogeneous solution to the Poisson equation. The gradients of these harmonic functions cause additional conservative force fields which must be divergence-free. None of these can therefore be related to cosmic acceleration, because the force flux through any surface must vanish. Instead, they create anisotropic effects like rotations. These nonlinear harmonic functions are furthermore in one-to-one correspondence with the solutions of Heckmann-Schücking Newtonian cosmology selected by the boundary conditions (87) because those boundary conditions are precisely such that the solution to the Poisson equation is unique up to the addition of planes [44] . Consequently, if the additional solutions are small enough, these general anisotropic Newtonian models (and their exact relativistic counterparts in the Newtonian limit) admit a perturbed FLRW description by using some Green's function different from (89).
Summary and Conclusion
We have analyzed the Newtonian limit of late-time GR cosmology with a perturbed FLRW ansatz including scalar and vector modes. The vector mode can be used to absorb the transverse component of the time-space components of the energy-momentum tensor and does not enter elsewhere to leading order. The dynamics of cold dark matter is entirely Newtonian to leading order. The scale factor in the metric is a gauge choice on subhorizon scales and always drops out of the dynamical equations when they are formulated in a Newtonian frame. GR does not select this inertial frame but generates a gauge freedom; selecting it is another gauge choice. This is similar but not equivalent to the Heckmann-Schücking formulation of Newtonian cosmology. The gauge freedoms of scale factor and inertial frame are expressed as quadratic and linear differences of the scalar potentials Ψ and Φ. An analysis in Fourier space misses these terms. On large scales comparable or beyond the Hubble scale, given natural assumptions, the Newtonian limit works, but the scale factor appearing in the metric must be chosen to be the standard one compatible with the Friedmann equations.
14 Note that in a homogeneous case the forces from spherical shells outside vanish. In the inhomogeneous Newtonian setting the shearing caused by structures beyond ∼ 1 Mpc, which affects only non-spherical systems, has been estimated in [47] to be negligibly small. 15 Beyond the Newtonian approximation, which has converted the problem from hyperbolic to elliptic, the boundary conditions are not a free choice but fixed by the initial state and the dynamics of GR. To illustrate this, consider GR linearized around Minkowski spacetime [53] , gµν = ηµν + hµν withhµν = hµν − ηµν h/2 : in Lorenz gauge ∂µhµν = 0 one has h µν = −16πGN Tµν and therefore
where the retarded Green's function has been selected to causally propagate the initial state to the future. When the retardation and the other components of the source are neglected, (90) becomes the Newtonian potential obtained using the Green's function (89)
of the Laplacian, which fixes the value of the potential on any boundary. Similarly, in a standard global approach to cosmology, the boundary conditions in the Newtonian approximation are at least in principle fixed from GR assuming (almost) homogeneous FLRW at early times.
We have studied the top-hat collapse by solving the Poisson equation for two perturbed FLRW metrics with two different choices of scale factor. We have then shown that the resulting spacetime agrees with the exact solutions in the weak-field limit by giving the relevant coordinate transformations. In particular, the vacuum region surrounding the top-hat is equivalent to a patch of the Schwarzschild spacetime, and the collapsing core is equivalent to the closed FLRW geometry of a collapsing homogeneous "star". This shows again that the same spacetime can be written with different scale factors in the perturbed FLRW metric. Another scale factor can be obtained by transforming the potentials without breaking the weak-field assumption, as illustrated by the transformation to the collapsing closed FLRW when starting with the standard cosmic scale factor in the top-hat region or by the transformation to the cosmic scale factor when initially employing the collapsing scale factor (and the corresponding difference of Ψ and Φ) in the outer region.
Furthermore, we fully agree with the Newtonian picture in [5] on the distinction of volume expansion and a scale factor that is a gauge-freedom, and share the critique of the N-body simulation carried out in [7] , where the two concepts were mixed.
We conclude that the perturbed FLRW ansatz provides a consistent physical picture. It works as well as one could possibly hope for for the embedded top-hat model we have studied, for which the exact solution is known. From this analysis there are no concerns for using the perturbed FLRW metric to simultaneously describe cosmology and much smaller scales like the solar system.
The equations of motion for matter can be generalized e.g. to include frame dragging from the vector mode. In [54] the authors claim that the relativistic dynamical corrections beyond the Newtonian limit can have a very significant effect on the squeezed bispectrum due to the combination of different scales, at least when evaluated in perturbation theory. If confirmed by nonperturbative numerical studies, this would limit the success of Newtonian cosmology (amended with relativistic light propagation) in the perturbed FLRW metric (1) for late-time LSS.
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A Normal coordinates for Einstein -de Sitter spacetime
We can apply the methods developed above to the unperturbed FLRW metric. After going to r = a(t)x we have A = Hr, B = 1 and
which is exact. The most general exact diagonalizing transformation for the Einstein-de Sitter case is now t = f (t, r) = F (9t 2/3 /2 + r 2 t −4/3 ); to get units of time we take F (x) = (2x/9) 3/2 such that t = t(1 + H 2 r 2 /2) 3/2 . This of course again reduces to t = t + Hr 2 /2 in the subhorizon limit. In any case, g rr → 1 + H 2 r 2 /(1 − H 2 r 2 ) = 1/(1 − H 2 r 2 ) . A short calculation gives g tt → −((1 + H 2 r 2 /2)(1 − H 2 r 2 )) −1 . Therefore
Note that the time t in H ∝ t −1 has to be expressed via t and r from by solving the relation t = f (t, r) for t, and in terms of the new coordinates the metric appears very complicated. However, at the coordinate origin, the Christoffel symbols agree with those of flat spacetime in spherical coordiantes, since there are no linear corrections in r, and so the coordinates agree with Riemann normal coordinates for the central observer up to second order.
For a general FLRW metric (not necessarily matter-dominated) and this time approximating we still find f (r, t) = t + Hr 2 /2 + h(t), thus g rr ≈ 1 + H 2 r 2 . The time-time component becomes g t t ≈ −(1 − H 2 r 2 )/(1 +Ḣr 2 /2 +ḣ) 2 . For h = 0, this is the weak-field de Sitter metric forḢ = 0; if on the other handḢ = −3H 2 /2 for Einstein-de Sitter, g tt ≈ (1 + H 2 r 2 /2) agrees with the weak-field limit of the previous exact result.
